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CLOSED CONVEX HULLS OF UNITARY ORBITS IN 
C*-ALGEBRAS OF REAL RANK ZERO 

PAUL SKOUFRANIS 


Abstract. In this paper, we study closed convex hulls of unitary orbits in 
various C*-algebras. For unital C*-algebras with real rank zero and a faithful 
tracial state determining equivalence of projections, a notion of majorization 
describes the closed convex hulls of unitary orbits for self-adjoint operators. 
Other notions of majorization are examined in these C*-algebras. Combining 
these ideas with the Dixmier property, we demonstrate unital, infinite dimen¬ 
sional C*-algebras of real rank zero and strict comparison of projections with 
respect to a faithful tracial state must be simple and have a unique tracial 
state. Also, closed convex hulls of unitary orbits of self-adjoint operators are 
fully described in unital, simple, purely infinite C*-algebras. 


1. Introduction 

Unitary orbits of operators are important objects that provide significant infor¬ 
mation about operators. In the infinite dimensional setting, the norm closure of the 
unitary orbits must be taken as unitary groups are no longer compact. For all in¬ 
tents and purposes, two operators that are approximately unitarily equivalent (that 
is, have the same closed unitary orbits) may be treated as the same operator inside 
a C*-algebra and the question of when two (normal) operators are approximately 
unitarily equivalent has been studied in a variety of contexts (e.g. 058). 

When two operators are not approximately unitarily equivalent, it is interesting 
to ask, “How far are the operators from being approximately unitarily equivalent?” 
This question is quantified by describing the distance between the operators’ unitary 
orbits and has a long history. For self-adjoint matrices S and T with eigenvalues 
{/^fc}fc=i and {V-}fc=i respectively, the distance between the unitary orbits of S and 
T was computed in |63] to be the optimal matching distance 

min max{|Afc — /Lt CT (fc)l I k € U. •■■.»}} 

where S n is the permutation group on {1,..., n}. However, if S and T are normal 
matrices, the distance between the unitary orbits of S and T need not equal the 
optimal matching distance (see I33j ). For bounded normal operators on Hilbert 
space, results have been obtained analogous to the known matricial results (e.g. 
M). This question has been active in other C*-algebras (e.g. [9 HT5HTB1 ITT! 1351 
[36l|59jEQ]) where the most recent work has made use of A'-theoretic properties and 
ideas. 
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Another important concept is that of majorization for self-adjoint matrices. A 
notion of majorization for real-valued functions in Li[0,l] was first developed in 
[28] by Hardy, Littlewood, and Polya using non-increasing rearrangements and this 
notion has been widely studied (e.g. iT0|[lTi:29l[56]). When applied to self-adjoint 
matrices through their eigenvalues, a fascinating concept is obtained. Majorization 
of self-adjoint matrices has been thoroughly analyzed (e.g. [nf6|f37 |f43ll45ll46]. f6T] ) 
and has relations to a wide range of problems in linear algebra, such as classical 
theorem of Schur and Horn characterizing the possible diagonal n-tuples of a self- 
adjoint matrix based on its eigenvalues (see fTTUST! ) and applications to generalized 
numerical ranges of matrices (see [25j|52] ). 

Majorization has an immediate analogue in Hi factors by replacing eigenvalues 
with spectral distributions. By using the notion of majorization in |38j (also see 
[21 [3]E31 [24;, 1301,(39j[401,(5^) via eigenvalue functions (also known as spectral scales) 
of self-adjoint operators in Hi factors, several analogues of matricial results have 
been obtained. For example, an analogue of the Schur-Horn Theorem for Hi factors 
was first postulated in |3j and proved by Ravichandran in [53] (also see [Hl[62] for 
a generalization to non-self-adjoint operators using singular values, and [44] for a 
multivariate version) and analogues of generalized numerical ranges were developed 
in [2Tj . 

The notion of majorization of self-adjoint operators in both matrix algebras and 
Hi factors as a deep connection with unitary orbits. Indeed, given two self-adjoint 
operators S and T, it was shown for matrix algebras in [T] and IR factors in [38H40] 
that T majorizes S if and only if S is in the (norm) closure of the convex hull of the 
unitary orbit of T, denoted con v(U{T)). Consequently, the question of whether T 
majorizes S' is a question of whether S can be obtained by ‘averaging’ copies of T. 

Analysis of the closure of convex hulls of unitary orbits has yielded some interest¬ 
ing results. For example, the Dixmier property for a C*-algebra ([TS]) asks that the 
centre of the C*-algebra interests every such orbit. By [55j, one need only consider 
self-adjoint operators to verify the Dixmier property and [26] (also see [54]) shows 
that a unital C*-algebra 21 has the Dixmier property if and only if 21 is simple and 
has at most one faithful tracial state. 

The goal of this paper is to describe the closure of convex hulls of unitary orbits of 
self-adjoint operators in various C*-algebras. Taking inspiration from von Neumann 
algebra theory, we will focus on C*-algebras that behave like type III and type IR 
factors. In particular, unital, simple, purely infinite C*-algebras are our analogues 
of type III factors and unital C*-algebras with real rank zero and a faithful tracial 
state determining equivalence of projections are our analogues of type IR factors. 
In addition to this introduction, this paper contains five sections with results and 
their importance summarized below. 

Section [2] develops and extends the necessarily preliminary results on majoriza¬ 
tion of self-adjoint operators in matrix algebras and IR factors. In particular, the 
notion of eigenvalue functions is adapted from IR factors to C*-algebras with faith¬ 
ful tracial states by replacing spectral distributions with dimension functions (see 
Definition 12.61) . The properties of eigenvalue functions are immediately transferred 
to this setting (see Theorem 12. 101) . 

Section [3] analyzes whether there are scalars in convex hulls of unitary orbits 
in C*-algebras with faithful tracial states. Notice if 21 is a unital C*-algebra with 
a faithful tracial state r and T G 21, then t(S) = t(T) for all S G con v(U(T)). 
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Consequently conv(7Y(T)) H {CTa} is either empty or {t(T)I^}. Using an averaging 
process along with manipulations of projections, it is demonstrated in Theorem 
13.111 that if 21 is a unital, infinite dimensional C*-algebra with real rank zero and 
strict comparison of projections with respect to a faithful tracial state r, then 
t(T) £ con v(U(T)) for all T £ 21. Combined with the Dixmier property, this 
implies 21 must be simple and t must be the unique faithful tracial state on 21. We 
note [47] has also investigated the ability of faithful tracial states to imply simplicity 
of C*-algebras. 

Section[]]analyzes con v(li(T)) for self-adjoint T in unital C*-algebras 21 that have 
real rank zero and a faithful tracial state r with the property that if P, Q £ 21 are 
projections, then r(P) < t(Q) if and only if P is Murray-von Neumann equivalent 
to a subprojection of Q. In particular, Theorem 14.11 shows for such C*-algebras 
that S £ con v(U(T)) if and only if T majorizes S with respect to r. Although the 
assumptions on 21 are restrictive in the classification theory world, they do apply 
to several C*-algebras such as UHF C*-algebras, the Bunce-Deddens C*-algebras, 
irrational rotations algebras, and many others. 

Trying to generalize Theorem 14.11 to other C*-algebras may be a difficult task. 
Indeed, it is the case that there are self-adjoint operators with the same eigenvalue 
functions that are not approximately unitarily equivalent when the assumption 
l r(P) = t{Q) implies P and Q are equivalent’ is removed. In addition, the question 
of characterizing con v(U (T)) appear very complicated if 21 has more than one tracial 
state as, by above discussions, con v(U(T)) fl {C/<a} = 0. 

Section [5] is devoted to investigating other closed orbits and notions of majoriza- 
tion of operators in the same context as Section [4] We begin by using eigenvalue 
functions to re-derive the main result of [60] , which computes the distance between 
unitary orbits of self-adjoint operators via an analogue of the optimal matching 
distance (see Theorem 15.111 . In addition, an analogue of singular value decompo¬ 
sition of matrices is obtained (see Proposition 15.81 . Furthermore, descriptions of 
when one operator’s eigenvalue (singular value) function dominants another op¬ 
erator’s eigenvalue (respectively singular value) function and when one operator 
(absolutely) submajorizes another operator are described. 

Section [6] concludes the paper by describing con v(U(T)) for self-adjoint opera¬ 
tors T in unital, simple, purely infinite C*-algebras. In particular, conv(W(T)) is 
precisely all self-adjoint operators S such that the spectrum of S is contained in 
the convex hull of the spectrum of T (Theorem 16.11) . 


2. Preliminaries 

In this section, we develop the preliminaries necessary for the remainder of the 
paper. In particular, after the following definitions, we will extend the notion and 
properties of eigenvalue functions to C*-algebras with faithful tracial states. 


Definition 2.1. For a unital C*-algebra 21 and an element T £ 21, the unitary orbit 
of T is 


U{T) := {U*TU | U a unitary in 21}. 

The dosed unitary orbit of T £ 21 is 0(T) := U{T), the norm closure of U{T). 
The convex hull of U(T) will be denoted by con v(U(T)) and its norm closure by 
con v(U(T)). 
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One main component of this paper is the generalization of the following notions 
from tracial von Neumann algebras to tracial C*-algebras. The origins of the fol¬ 
lowing definition may be traced back to [45] . 

Definition 2.2 ( (2311241148] ). Let DJI be a von Neumann algebra a tracial state r. 

(1) For a self-adjoint operator T £ DJI, the eigenvalue function of T associated 
with t, denoted is defined for s £ [0,1) by 

Xf(s) := inf{t £ R | tot((Loo)) < s} 

where mr is the spectral distribution of T with respect to r. 

(2) For an arbitrary T £ DJI, the singular value function of T associated with 
t, denoted (if, is defined for s £ [0,1) by 

L l t( s ) := -^jr|( s )- 

Example 2.3. Let T £ A4 n (C) be self-adjoint with eigenvalues {Afc}j! =1 where 
Afc > Afc+i for all k. If r is the normalized trace on .A/f n (C), then Aj-(s) = A k 
for all s £ [^-, ^). Similarly, if T £ M n (C) has singular values {crfc}fc =1 where 
CTfc > (Tfe+i for all k, then (if(s) = (i k for all s £ [^±, |). 

Example 2.4. Let DJI = Loo[0,1] equipped with the tracial state r defined by 
integrating against the Lebesgue measure to. If / £ DJI is real-valued, then AJ(s) = 
f*(s) where /* is the non-increasing rearrangement of /, which may be defined by 

f*(s) := inf{f £ R | m({x £ [0,1] | f(x) > t}) < s}. 

It can be shown (see Theorem 12.101) that /* is a non-increasing, right continuous 
function. Consequently, if / is non-increasing and right continuous, then / = /*. 

To generalize these notions to C*-algebras with faithful tracial states, we will 
use the following as a replacement for spectral distributions. 

Definition 2.5 ([H]). Let e > 0 and let f e denote the continuous function on 
[0, oo) such that f e (x) = 1 if x £ [e, oo), f t (x) = 0 if x £ [0, |], and f e (x) is linear 
on (f,e). 

Let 21 be a unital C*-algebra with faithful tracial state r. The dimension function 
associated with t, denoted d T , is defined for positive operators A £ 21 by 

d T (A) := lim r(f e (A)). 

e—>-0 

Definition 2.6. Let 21 be a unital C*-algebra with a faithful tracial state r. 

(1) For a self-adjoint operator T £ 21, the eigenvalue function of T associated 
with t, denoted AJ, is defined for s £ [0,1) by 

Ay(s) := infjt £ R | d T {{T — tl%) + ) < s} 

where (T — denotes the positive part of T — tl%. 

(2) For an arbitrary T £ 21, the singular value function of T associated with r, 
denoted (if, is defined for s £ [0,1) by 

(if{s) '■= A|” T |(s). 

Lemma 12.91 will demonstrate that Definitions 12.21 and 12.61 agree when 21 is a von 
Neumann algebra. 
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Example 2.7. Let 21 be a unital C*-algebra with a faithful tracial state r. Let 
{Afc}£ =1 C K be such that A k > Afc+i for all k and let {Pfc}^ =1 C 21 be a collection of 
pairwise orthogonal projections such that Y^k=i Ffc = !%■ For each k £ {0,1,..., n}, 
let s fc = T ( p j)- If T = ^kPk , then AJ(s) = A fc for all s £ [s k -i,s k ). 

Remark 2.8. Part JT]) of Theorem 12.101 demonstrates that eigenvalue functions 
are non-increasing and right continuous. If 971 is a diffuse von Neumann algebra, 
it is not difficult to show every non-increasing, right continuous function is the 
eigenvalue function of some self-adjoint operator in 97t. Example 12.71 shows this 
is not the case for arbitrary C*-algebras as the characteristic function of the set 
[0, a) is an eigenvalue function of a self-adjoint operator in 21 if and only if 21 has a 
projection of trace a. 

Eigenvalue and singular value functions have several important properties. Al¬ 
though most (if not all) of these properties can be demonstrated using C*-algebraic 
techniques, we will appeal to von Neumann algebra theory to shorten the exposi¬ 
tion. 

For a unital C*-algebra 21 with a faithful tracial state r, let 7r T : 21 — B(L 2 (21, r)) 
be the GNS representation of 21 with respect to r. Note n T is faithful and r is a 
vector state on B{L 2 { 21, t)). If 971 is the von Neumann algebra generated by 7r T (2l), 
specifically 7r T (2l)", then r extends to a tracial state on 371. 

Lemma 2.9. Let 21 be a unital C*-algebra with faithful tracial state r and let 971 
be the von Neumann algebra described above. If T £ 21 is self-adjoint, then 

A t( s ) = ^ t (t)( s ) 

for all s £ [0, 1), where A £ ^ is as defined in Definition \2.2\ 

Proof. If t) denotes the spectral distribution of 7r r (T) with respect to r, we 
obtain for all t £ R that 

d T ((T - i/ a )+) = lim r(/ e ((T - t/ a )+)) 

e—$-0 

= limr(7r r (/ e ((T - t/ a )+))) 

e—^0 

= lim r(/ e (7r r (T - t/ a )+)) = m nr ( T) ((t, oo)) 

as f e (n T (T — f/ a )+) converges in the weak*-topology to the spectral projection of 
7r r (T) onto (t, oo). The result then follows by definitions. ■ 

Using Lemma 12.91 the known properties of eigenvalue and singular value func¬ 
tions on von Neumann algebras automatically transfer to the tracial C*-algebra 
setting. 

Theorem 2.10 (see 12311241150] ). Let 21 be a unital CL-algebra with faithful tracial 
state t and let T,S £ 21 be self-adjoint operators. Then: 

(1) The map s n- AJ(s) is non-increasing and right continuous. 

(2) If T > 0, lim^o AJ(s) = ||T|| and Aj,(s) > 0 for all s £ [0,1). 

(3) If <j{T) denotes the spectrum of T, then lim s yii A^(s) = infjt | t £ a (T)} 
and lim s \,o Ay(s) = sup {t | t £ a(T)}. 

(4) If S <T, then A g(s) < A^(s) for all s £ [0,1). 

(5) If a > 0, then A„ T (s) = a\ j.(s) and A T+aia = Aj*(s ) + a f or a M s G [0,1). 
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(6) Ah , T (s + t) < Xq(s) + XX(t) for all s,t G [0,1) with s + t < 1. 

(7J |A.£(«) - A^(s)| < ||S - T|| for all s G [0,1). 

(j§) r(/(T)) = Jq 1 /(Aj.(s)) ds for all continuous functions f : R —?> R. 

(P) If T > 0, t/ien A y* TV {s) < ||V|| 2 A^(s) /or all s G [0,1) and V G 21. 

(10) If U G 21 is a unitary, then X jj* tu (s) = Aj.(s) for all s G [0,1). 

(11) IfT > 0, A}m( s ) = /(A£(s)) /or all s G [0,1) and all continuous increasing 
functions f : [0, oo) -A M with /(0) > 0. 

(1,2) If S,T > 0, then f(Xg +T (s)) ds < Jg f(X'g(s) + Xp(s)) ds for all t £ [0,1] 
and all continuous, increasing, convex functions f : R —> R. 

(13) If S,T > 0, then f* f{X r s+T {s)) ds < f* f(X$(s)) + f(X^(s)) ds for all 
t G [0,1] and all increasing concave functions f : R -A R with /(0) = 0. 

Theorem 2.11 (see j23ll21| ). Let 21 be a unital C*-algebra with faithful tracial state 
t and let T, S, R £ 21. Then: 

(1) Ht(s) = nJ T | (s) = (Up, (s) for all s G [0,1). 

(2) fJ-a T (s) = |a|/Uy(s) for all s G [0,1) and a G C. 

(3) Orts( s ) < ll^ll \\ S \\ Mt( s ) f° r al1 s G [0, !)• 

(4) A t sT( s + 1) < //s( s Vt( 0 / or a M i G [0,1) with s + t < 1. 

(15) fg f(fJ-g + p(s)) ds < f* fin'gis) + Hj,(s)) ds for all t G [0,1] and all continu¬ 
ous, increasing, convex functions f : R —> R. 

(6) Jq f(ti T s +T (s))ds < f* f(/J. r s (s)) + f{tXr(s))ds for all t G [0,1] and all in¬ 
creasing concave functions f : R -A R with /(0) = 0. 

To define a notion of majorization for self-adjoint operators, we recall the follow¬ 
ing. 

Definition 2.12 ([28]). For real-valued functions f,g£ Too[0,1], it is said that / 
majorizes g, denoted g -< /, if 

[ g*(s)ds< ( f*(s) ds for allt G [0,1] and f g*(s)ds = f f*(s)ds 
Jo Jo Jo Jo 

where /* and g* are the non-increasing rearrangements of / and g (see Example 


The following example provides some intuition for majorization and will be used 
in various forms later in the paper. 

Example 2.13. Let / G Loo[0,1] be a real-valued function and fix {0 = so < «i < 
• • • < s„ = 1}. For ft G {1,..., n}, let 


Oik = 


1 f Sk 

- / /*(s) ds 

' Sk-l Jsk-i 


Sk — Sk- 

and let g = l a fcl[sic-i,sfc)’ where lx denotes the characteristic function of X. 
We claim that g -< /. Note g is non-increasing and right continuous so g* = g. 
Furthermore, note 

r s k r s k 


/•Sk rS k 

/ /*(s) ds = / g{s)ds 

Jo Jo 


for all k e {0, 1 ,..., n}. 
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Suppose t G [sfc_i,Sfe]. If g(t) < f*(t), then g(s) < f*(s) for all s G [sfc_i,t] as 
g is constant on [sfc_i,Sfc) and f* is non-increasing. Thus 

[ f*(s)-g(s)ds= f f*(s)-g(s)ds> 0. 

J 0 J Sk—i 

Otherwise g(t) > f*(t). Hence g(s) > f*(s) for all s G [t,Sk) as g is constant on 
Sfc) and /* is non-increasing. Thus 

[ f*{s) - g{s)ds = f f*(s)-g(s)ds> f f*(s) - g{s) ds = 0. 

do jSlc-l d Sk-1 

Hence a f as claimed. 


Definition 2.14. Let 21 be a unital C*-algebra with a faithful tracial state r. For 
self-adjoint elements T, S G 21, it is said that T majorizes S with respect to r, 
denoted S < T T, if Xg -< X 

Remark 2.15. Note by part ([l]) of Theorem 12.101 that eigenvalue functions are 
equal to their non-increasing rearrangements. Therefore, for S and T as in Defini¬ 
tion [2T4l we obtain S -< T T if and only if 

[ Xg(s)ds< j AJ(s) ds for all t G [0,1] and f Xg(s)ds = f X^(s)ds. 

Jo Jo Jo Jo 

Furthermore, by part (O of Theorem 12.101 the later condition is equivalent to 
t(S) = t(T). 


Example 2.16. Let T,S G A4 n (C) be self-adjoint with eigenvalues 
{Ai > A 2 > • • • > A„} and {pi > n 2 > ■ ■ ■ > p n } 
respectively. If r is the normalized trace on _M n (C), then S -< T T if and only if 

mm n n 

A/c for all ra E {1, ... ,n - 1} and ^ fik = ^ A k - 

k=l k=l k =1 k=l 

Remark 2.17. It is a consequence of part d5j) of Theorem 12.101 that if S', T G 21 
are self-adjoint, then S -< T T if and only if S + al% -< T T + al% for any a G R. 
Consequently, it often suffices to consider positive operators when demonstrating 
results involving majorization. 


There are several equivalent formulations of majorization of self-adjoint operators 
in tracial von Neuman algebras as the following theorem demonstrates. 

Theorem 2.18 (see [Tl-l3l l301l32H38lj40| ). Let 371 be a von Neumann algebra with a 
faithful tracial state r. Let T,S G 371 be positive operators. Then the following are 
equivalent: 

(1) S < T T. 

(2) r((S — rL<m) + ) < r((T — rL<xn)+) for all r > 0 and r(T) = r(S). 

(3) r(/(S)) < t(/(T)) for every continuous convex function / : K —R. 
IfOJlisa factor, then for all self-adjoint S,T G 371, S -< T T is equivalent to: 

(4) S G conv(W(T)). 

- W * 

(5) S G con v(U(T)) 

(6) There exists a unital, trace-preserving, positive map <f> : 971 —> 371 such that 
$(T) = S. 
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(7) There exists a unital, trace-preserving, completely positive map $ : 9JI —>• StJl 
such that $(T) = S. 

One goal of this paper is to see to what extent Theorem l2. 181 generalizes to tracial 
C*-algebras. Note Lemma [2~9l immediately implies the following. 


Corollary 2.19. Let 21 be a unital C*-algebra with a faithful tracial state t. Let 
T, S £ 21 be positive operators. Then the following are equivalent: 

(1) S < T T. 

(2) t({S — rl<xa) + ) < t((T — r/gjj)_|_) for all r > 0 and t(T) = r(5). 

(3) r(/(5)) < t(/(T)) for every continuous convex function / : K —R. 

For the remaining equivalences in Theorem 12.181 note part (j5j) does not make 
sense in an arbitrary C*-algebra. We will mainly focus on part (01 of Theorem l2.18l 
to which we have the following preliminary result. 


Lemma 2.20. Let 21 be a unital C*-algebra with a faithful tracial state r and let 
T £ 21 be self-adjoint. Then 

(1) If A £ R, then A/<a ~< T T if and only if A = r(T) 

(2) If S £ con v(U(T)), then S = S* and S -< T T. 


Proof. The first claim follows from Example 12 .1 31 and part (J5J) of Theorem 12.101 
For the second claim, suppose {t4}£ =1 C 21 are unitary operators, {^fe}fc =1 Q 
[0,1] are such that Y^k=i tk = 1, and R = J2k= l tkU k TUk- Then R is self-adjoint 
and t(R) = t(T). Moreover, by parts ([5l HOl H3l> of Theorem 12.101 


/■t pt n i-t n ft 

/ •^ r ( s ) ds < / tk\jj*TUk (^) ds = / tkX T (s) ds= Xrp(s)ds 

Jo Jo k=1 k Jo k=1 Jo 


for all t £ [0,1]. Thus R -< T T for all R £ con v(U(T)). 

If S £ con v(U(T)), then clearly S = S*. The fact that S -< T T then follows by 
part 0, the above paragraph, the fact that r is norm continuous, and the fact that 

r t 


f(s ) - g{s) ds 


< IIZ-sllc 


for all t £ [0,1] and all bounded functions / and g. 


It is unlikely that parts 0 Q of Theorem 12.181 holds in arbitrary tracial C*- 
algebras due to the lack of ability to take weak*-limits of convex combinations of 
inner automorphisms. However, we have the following analogue of [301 Proposition 
4.4], 


Proposition 2.21. Let 21 be a unital C*-algebra with a faithful tracial state t and 
let tp : 21 —>• 21 be a positive map. Then tp is unital and t- preserving if and only if 
p(T) -< T T for all positive operators T £ 21. 

Proof. Suppose tp is unital, positive, and r-preserving. Let T £ 21 be positive. 
Then r(tp{T)) = t(T). Furthermore, for all r > 0 notice 

ip(T) - rl® = <p(T — rl<n) < ip({T - rl<n )+) 


so 

- rl<n)+) < t(ip((T - r/ a )+)) = t((T - r/ a )+)- 
Hence Corollary 12.191 implies that p(T) -< T T. 
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Conversely, suppose <p : 21 —>• 21 is a positive map such that ip(T) -< T T for all 
positive operators T £ 21. By part (j8]) of Theorem 12. 101 

T {<P( T ))=[ Kp(.T)i s ) ds = f A T T (s)ds=T(T) 

Jo Jo 

for all positive operators T £ 21. Hence ip is r-preserving. Since AJ (s) = 1 for all 
s € [0,1), by parts ([U [2]) of Theorem 12. 101 

ll^( J 2t)ll = 1™ \ J q A ^(/ a )( s ) ds < I™ \ J o A L( S ) ds = 1 - 

Hence 0 < ip(h i) < / a . If tp(I<z) ^ /a, then 

0 = r(/ a ) - r(<p(If&)) = r(/ 2t - <p(/ a )) > 0, 

a clear contradiction. Hence <p(/ a ) = /a- ■ 

There are many other forms of majorization for elements of Too[0,1]. We note 
the following notion, which is used in Section [5] 

Definition 2.22. Let 21 be a unital C*-algebra with a faithful tracial state r. For 
T, S £ 21, it is said that T (absolutely) submajorizes S with respect to t, denoted 
S -<™ T, if 

/ Hg(s)ds< ( Ht(s) ds for all f £ [0,1], 

J 0 Jo 


3. Scalars in Convex Hulls 

In this section, we will demonstrate for certain unital C*-algebras 21 with a 
faithful tracial state r that t(T)I% £ con v(U(T)) for all self-adjoint T £ 21 (see 
Theorem l3.11l) . Combined with the Dixmier property, this implies these C*-algebras 
are simple; that is, have no closed ideals (see Theorem 13.1211 . We begin with 
definitions and examples of C*-algebras for which these results apply. 

Definition 3.1. A unital C*-algebra 21 is said to have real rank zero if the set of 
invertible self-adjoint operators of 21 is dense in the set of self-adjoint operators. 
Equivalently, by [8], 21 has real rank zero if and only if every self-adjoint element 
of 21 can be approximated by self-adjoint elements with finite spectrum. Also 21 is 
said to have stable rank one if the set of invertible elements is dense in 21. 

Definition 3.2. Let 21 be a unital C*-algebra and let P, Q £ 21 be projections. It 
is said that P and Q are Murray-von Neumann equivalent (or simply equivalent), 
denoted P ~ Q, if there exists an element V £ 21 such that P = V*V and Q = VV*. 
It is said that P is equivalent to a subprojection of Q , denoted P < Q, if there 
exists a projection Q' < Q such that P ~ Q'. 

Definition 3.3. Let 21 be a unital C*-algebra with a faithful tracial state r. Then: 

(1) 21 is said to have strong comparison of projections with respect to r if for 
all projections P,Q £ 21, t(P) < r(Q) implies P < Q. 

(2) 21 is said to have strict comparison of projections with respect to r if for all 
projections P,Q £ 21, t(P) < t(Q) implies P < Q. 
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Remark 3.4. Note 21 having strong (strict) comparison of projections with respect 
to r is precisely saying that (FCQ1) (respectively (FCQ2)) of [7] has an affirmative 
answer for 21, provided r is the only tracial state on 21. Furthermore, notice if 21 
has strong comparison of projections with respect to r, then P ~ Q if and only if 

t(P) =t(Q). 

There are several C*-algebras that are known to have the above properties. 

Example 3.5. Type Hi factors are well-known to be unital C*-algebras that are 
simple, have real rank zero, and have strong comparison of projections with respect 
to a faithful tracial state, which happens to be unique. 

Example 3.6. It is not difficult to verify that UHF C*-algebras and the Bunce- 
Deddens algebras (specific direct limits of A4„(C(T))) are unital, simple, real rank 
zero C*-algebras that have strong comparison of projections with respect to a faith¬ 
ful tracial state, which happens to be unique. However, as mentioned in [7j, there 
exists unital, simple, AFD C*-algebras with unique tracial states that do not have 
strong comparison of projections. 

Example 3.7. As mentioned in m, irrational rotation algebras and, more gener¬ 
ally, simple non-commutative tori for which the map from Ko to R induced by the 
tracial state is faithful are examples of unital, simple, real rank zero C*-algebras 
that have strong comparison of projections with respect to a faithful tracial state, 
which happens to be unique. 

Example 3.8. More generally, if 2t is a unital, simple, C*-algebra with real rank 
zero, stable rank one, and a tracial state r such that the induced map r* : ATo(2l) —»• 
R defined by r*([x]o) = t(x) is injective, then 21 will have strong comparison of 
projections with respect to r by cancellation. In particular, [22] can be used to 
produce examples. 

Example 3.9. In [51], it was demonstrated free minimal actions of on Cantor 
sets give rise to cross product C*-algebras that have real rank zero, stable rank one, 
and strict comparison of projections with respect to their tracial states. 

Example 3.10. For certain tracial reduced free product C*-algebras, [3; implies 
simplicity, |19| implies stable rank one, and US implies real rank zero and strict 
comparison of projections. 

Notice that all of the C*-algebras presented above are simple. This turns out to 
be no coincidence. To see this, we prove the following result. 

Theorem 3.11. Let 21 be a unital C*-algebra with real rank zero. Suppose t is a 
faithful tracial state on 21 such that either: 

(a) 21 has strong comparison of projections with respect to t, or 

(b) 21 has strict comparison of projections with respect to r and for every n £ N 
there exists a projection P £ 21 such that 0 < r(P) < i. 

Then t(T)I<& £ con v(U(T)) for all self-adjoint T £ 21. 

Once Theorem 13. Ill is established, we easily obtain the following. 

Theorem 3.12. If 21 and t are as in the hypotheses of Theorem \3.11l then 21 is 
simple and t is the unique tracial state on 21. 
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Proof. The following argument can be found in 1541 but is repeated for convenience 
of the reader. Suppose I is a non-zero ideal in 21. Let T G I \ {0} be positive. 
Therefore t(T)I<& G con \(U(T)) C I by Theorem 13. Ill As r is faithful, t(T) ^ 0 
so I = 21. Hence 21 is simple. 

Suppose To is another tracial state on 21. By Lemma [2.201 To (.S') = t 0 (T) for all 
S G con v(U{T)). Hence Theorem 13. Ill implies 

To(T) = T 0 (T(T)I a ) = t(T). 

As this holds for all self-adjoint T G 21, we obtain that tq = t. | 

Remark 3.13. If 21 is a unital, infinite dimensional C*-algebra with real rank zero 
and a faithful tracial state t, then it is possible to verify for all n G N that there 
exists a projection P G 21 such that 0 < t(P) < ±. 

Example 3.14. To see why strict comparison of projections without arbitrarily 
small projections is not sufficient in Theorem 13.121 consider the C*-algebra 21 = 
C©C with the faithful tracial state t((o, b)) = |( a + b ). It is clear that 21 is a unital 
C*-algebra with real rank zero and strict comparison of projections with respect to 
t. However, 21 is not simple. 

Remark 3.15. There are non-simple C*-algebras with faithful tracial states. In¬ 
deed [47] produces a unital non-separable C*-algebra with a faithful tracial state 
whereas 0J produces a unital, separable, nuclear, non-sinrple C*-algebra with a 
faithful tracial state. 

Note the following easily verified lemma which will be used often without citation. 

Lemma 3.16. Let 21 be a unital C*-algebra and let T,S,R.£ 21. //T £ com r (U(S)) 
and S G con v(U(R)), then T G con v(U(R)). 

To prove Theorem l3.11l it will suffice to prove the theorem for self-adjoint oper¬ 
ators with finite spectrum by the assumption that 21 has real rank zero. Combined 
with the following remark, it will suffice to consider self-adjoint operators with two 
points in their spectra. 

Remark 3.17. Let 21 be a unital C*-algebra and let P G 21 be a non-zero projection. 
If 21 has real rank zero, then P21P is a unital C*-algebra of real rank zero by [5]. Fur¬ 
thermore, if t is a faithful tracial state on 21 satisfying hypothesis (JaJ (respectively 
0) of Theorem l3.11l then Tp : PUP —> C defined by rp(PTP) = ^p^r(PTP) is a 
faithful tracial state on P21P satisfying hypothesis (jaj (respectively (0 ) of Theorem 
13.111 Thus the hypotheses of Theorem 13.111 are all preserved under compressions. 
We will continue throughout the remainder of the paper to use Tp for the tracial 
state defined above. 

To prove Theorem l3.11l for self-adjoint operators with two points in their spectra, 
we will use equivalence of projections to construct matrix algebras and apply results 
on majorization for self-adjoint matrices, specifically part (0]) of Theorem 12.181 to 
average part of one spectral projection with the other. Using a back-and-forth-type 
argument, we eventually obtain an operator in con v(U(T)) that is almost t(T)I<&. 

As t(21) may not equal [0,1], we may only divide projections up based on the 
size of another projection. As such, the following division algorithm result will be 
of use to us and is easily verified. 

























12 


PAUL SKOUFRANIS 


Lemma 3.18. Let t £ (0, and write 1 = kit + r\ where k\ £ N and 0 < ri < t. 
Then k\ > 2 and 0 < ri < + 1 . Furthermore, if r\ ^ 0 and 1 = + ?~2 for 

some G N and 0 < r 2 < n, i/ien /c 2 > fci- 

The following lemma will be our method of constructing matrix algebras. How¬ 
ever, the embedding of each matrix algebra into 21 need not be a unital embedding. 

Lemma 3.19. Let 21 be a unital C*-algebra with a faithful tracial state t and let 
P £ 21 be a projection with t{P) £ (0, |]. Write 1 = fcr(P) + r where k £ N and 
0 < r < r(P). If 

(1) 21 has strong comparison of projections with respect to r and l = k — 1, or 

(2) 21 has strict comparison of projections with respect to t, r ^ 0, and i = k— 1, 
or 

(3) 21 das strict comparison of projections with respect to r, and £ = k — 2, 
then there exists pairwise orthogonal subprojections {Pj}j—i of 1% — P such that 
{P} U {Pj}j =1 are equivalent in 21. 

Proof. Notice r(/gj — P) = (A; — l)r(P) + r. Since fc > 2, r(P) < r(/o t — P) 
with strict inequality when r / 0. Therefore, by assumptions, there exists a sub¬ 
projection Pi of J* - P such that Pi ~ P. If fc > 3 (and £ > 2), there exists a 
subprojection P 2 of La — P — Pi such that P 2 ~ P. By repeating this argument, we 
obtain pairwise orthogonal subprojections {PjY :j _\ of 1% — P such that P, ~ P for 
all j. As Murray-von Neumann equivalence is an equivalence relation, the result 
follows. ■ 

We now divide the prove of Theorem 13.111 for T with two point spectra into two 
parts: Lemma 13.201 proves the result when 21 has strong comparison of projections, 
and Lemma l3. 211 will modify the argument to obtain the result in the other case. In 
that which follows, diag(ai,..., a n ) denotes the diagonal nxn matrix with diagonal 
entries ai,... ,a n - 

Lemma 3.20. Let 21 be a unital C*-algebra with real rank zero that has strong 
comparison of projections with respect to a faithful tracial state r. If P £ 21 is a 
projection, a, b £ M, and T = aP + b(I% — P), then t{T)I% £ con v(U(T)). 

Proof. By interchanging P and /<a — P, we may assume that r(P) < i. Let ro = 
r(P) and write 1 = fciro+ri where ki £ N, k\ > 2, and 0 < n < min{r 0 , < \- 

By Lemma [3.191 there pairwise orthogonal subprojections {Qj^Pj 1 of 1% — P such 
that {P} U {Qj}jZl are equivalent in 21. Let Pi = I<x — P — ' Qj■ Using the 

equivalence of {P} U , a copy of Alfc 1 (C) may be constructed in 21 with 

unit I<n — Pi. Using this matrix subalgebra, T can be viewed as the operator 

T = diag(a, &,..., 6) © bPi £ Mk x (C) © Pi2lPi C 21. 

Since any self-adjoint matrix majorizes its normalized trace (see Lemma |2.20l) . we 
obtain by Theorem 12.181 that 

a + ^ -—4i € cohv(Zd(diag(a, b))) 

ki 

where the unitary orbit is computed in Al^C). Therefore, if ai = a +i k ^~ 1 '> b ^ we 
obtain by using a direct sum argument that 


Ti := ai(/-a - Pi) + bPi £ con v(U(T)). 
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Notice t(Pi) = n. If n = 0, the proof is complete (as r(Ti) = t(T)). Otherwise, 
by writing 1 = fc 2 fi + r 2 where fc 2 £ N, > k\. and 0 < r% < min{n, + 1 }, and by 
repeating the above argument, there exists a projection P 2 G 21 such that t(P 2 ) = r 2 
and 

T 2 : = aiP 2 + b + ^ ~ 1)01 (Jst - P 2 ) € conv(W(Ti)) C conv(W(T)). 
k 2 

Notice if r 2 = 0, the proof is again complete. 

Repeat the above process ad infinitum. Notice that the proof is complete if 
the process ever terminates via a zero remainder. As such, we may assume that 
we have found a non-decreasing sequence (k n ) n > 1 C N with fci > 2, a sequence 
(t„)„>i C (0, \] with 1 = k n+1 r n +r n+ i, projections {P n } n > 1 C 21 with t(P„) = r n , 
sequences (a n ) n >i, ( 6 n )n>i 5 = such that 

+ (^ 2 n+l l)^n •, , H - (& 2 n +2 l)®n+l 

&n+i = ; and. o n +i = ; > 

& 2 n+l & 2 n +2 

and operators 

? 2 n = a n P2n + b n {I% ~ P2n) and Thra+l = b n P 2 n+\ + CL n +l(I<H — P 2 n+l) 

such that T n G con \{U(T)) for all n. 

If a < b, it is elementary to verify that 

a < ai < 02 < • • • < &2 < b\ < b. 

Similarly, if b < a, then 

b < bi < 62 < • • • < a 2 < ai < a. 

As a result, (a n ) n > 1 and (b n ) n > 1 are bounded monotone sequence of M and thus 
converge. Let 

a' = lim a n and b' = lim b n . 

n—t 00 n—*oo 

If the non-decreasing sequence (k n ) n > 1 is bounded, using the fact that k\ > 2 and 
the relations between a n and b n , we obtain a' = b'. If (k n ) n > 1 is unbounded, then 
by using the fact that 

lim 

m—too 

we again obtain a! = b'. 

Let e > 0 and choose n such that | a n — a!\ < e and | b n — a'\ < e. Then 
\\T 2 n - a'h i|| < e so 

dist (a'l-a, conv(W(T))) < e. 

Hence a'l^i G con v(U(T)). Since every element of conv(W(T)) has trace equal to 
t(T), we obtain a' = t(T) thereby completing the result. ■ 

Lemma 3.21. Let 21 be a unital C*-algebra with real rank zero and property m 
of Theorem \S.ll\ with respect to a faithful tracial state r. If P G 21 is a projection, 
a, b G R, and T = aP + b(I<n — P), then t(T)I<h G conv(W(T)). 

Proof. Notice, by case © of Lemma l3.191 that the recursive algorithm in the proof 
of Lemma 13.201 works at the n th stage in this setting provided r n ^ 0. Therefore, 
if r n ^ 0 for all uGN, the proof is complete. Otherwise, if n is the first number 
in the algorithm for which r n = 0, notice r„_ 1 = . Thus it suffices to prove the 

result in the case that r(P) = L for some k G N with k > 2. 


c — 


c + md 


m +1 


= \c-d\ 
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If k > 3, we can apply the algorithm in Lemma |3. 201 bv viewing the remainders 
as being ^ instead of zero. Indeed the proof of Lemma T3 . 201 may be adapted using 
case m instead of case m of Lemma T3. 191 to construct (k n — 1) x (k n — 1) matrix 
algebras (instead of k n x k n ) and by using the new scalars 

&n “b (^-2n+l 2)6 n b n ~b (&2n-t-2 2)d n _|_i 

a n +i = -J-r- and b n+1 = - - ---. 

K 2 n +1 — t K2n+2 — t 

The remainder of the proof then follows as in Lemma 13.201 Thus it remains to 
prove the result in the case r(P) = 

Since 21 has property (0, there exists a projection Pq < 1% — P with r(P 0 ) < 
Consider 

T 0 = aP + bP 0 G (P + P 0 )2l(P + P 0 ). 

As (P + Po)2l(P + Po) satisfies the assumptions of this lemma and since 

nr + p,)(P) = T( p(_p o y (U # 

the above cases imply there exists ao £ 1 such that ao (P + Po) G conv(U(T 0 )) 
where conv(W(To)) is computed in (P + Po)2l(P + Po). Consequently 

oto(P + Po) + b(I<& ~ P ~ Po) G con v(U(T)) 

by a direct sum argument. As r(P + P 0 ) / the above cases imply there exists 
a G R. such that al<& G con v(U(T)). As every element of conv(W(T)) has trace 
r(T), a = r(T) completing the result. ■ 

Lemma 3.22. Let 21 and t be as in the hypotheses of Theorem \3 .1 1\ If T G 21 is 
a self-adjoint operator with finite spectrum, then t(T)I% G con v(U{T)). 

Proof. By assumption there exist pairwise orthogonal non-zero projections {Pfe}(l =1 
and scalars {afc }(! =1 C R such that T = ]Cfc=i OfePfc- By applying Lemma 13.201 or 
13.211 to oiPi + (X 2 P 2 in (Pi + P 2 ) 21 (Pi + P 2 ) and by appealing to a direct sum 
argument, there exists a /3o G R such that 

n 

Po(Pi +P2) + Y. akPk £ conv(hl(T)). 

k =3 

By iterating this argument another n — 2 times, there exists a /? G R such that 
/31a 1 G conv(W(T)). As every element of conv(W(T)) has trace r(T), ft = t(T) 
completing the result. ■ 

Proof of Theorem [03 Let T G 21 be self-adjoint. Let e > 0. Since 21 has real 
rank zero, there exists a self-adjoint operator To G 21 with finite spectrum such that 
|| T — Toll < £■ Notice this implies dist (P, conv(W(T))) < e for all R G conv(W(To)). 
By Lemma 13.221 r(To)Ja G comr(U(T 0 )). Since |t(T 0 ) — r(T)| < e, we obtain 

dist (r(T)Jgi, conv(W(T))) < 2e. 

As e was arbitrary, the result follows. ■ 

Remark 3.23. Using the above ideas, there is a simple proof that an infinite 
dimensional C*-algebra satisfying the assumptions of Theorem 13 .111 must be simple. 
Indeed suppose 21 is such a C*-algebra and I is a non-zero ideal. Note X is hereditary 
and thus has real rank zero as hereditary C*-subalgebras of 21 have real rank zero 
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(see (8} Corollary 2.8]). Thus the unitization of X contains a non-zero projection 
and thus X contains a non-zero projection. 

Note the set of projections contained in X is closed under taking subprojections 
(as I is hereditary) and is closed under Murray-von Neumann equivalence (as X is 
an ideal). Therefore, by part ([3]) of Lemma [3.191 there exists a projection P £ I 
with t(P) > 

If t(P) = I, choose a non-zero projection P' < P with r(P') < I and a 
subprojection Q of 1% — P with t(Q) = t(P') such that Q ~ P'. Hence Q £ X so 
P + Q £ X. As t(P + Q) > 5 , we have reduced to the case r(P) > 

If r(P) > I, then I%— P is equivalent to a subprojection of P and thus— P € X. 
Since P £ X, this implies /<a £ X so X = 21. 

4. Convex Hulls of Unitary Orbits 

In this section, we will demonstrate the following theorem which characterizes 
con \(U(T)) for self-adjoint T in various C*-algebras using the notion of majoriza- 
tion. 

Theorem 4.1. Let 21 be a unital C*-algebra with real rank zero that has strong 
comparison of projections with respect to a faithful tracial state r. If T £ 21 is 
self-adjoint, then 

conv(W(T)) = {S' £ 21 | S* = S,S T}. 

Before proceeding, we briefly outline the approach to the proof. First, we reduce 
to the case that T and S have finite spectrum. This is done by showing T and S 
can be approximated by self-adjoint operators T' and S' such that S' -< T T'. We 
then demonstrate a ‘pinching’ on self-adjoint operators T' with exactly two points 
in their spectrum to show that all convex combinations of T' and t(T')I% are in 
con v(U(T')). Appealing to a specific decomposition result and by progressively 
applying pinchings, the result is obtained. 

We begin with the decomposition result. 

Lemma 4.2. Let 21 and r be as in Theorem ED Suppose S, X G 21 are self- 
adjoint operators with finite spectrum. Then there exists two collections of pairwise 
orthogonal non-zero projections {Pfc})) =1 and {Qk}k =i 

n n 

J2 P * = T,Qk = ^ and r (- Pfc ) = T (Qk) for all k 

k= 1 k =1 

and scalars {otk}k=ii {fik}k=i £ M with ak > 1 and /3k > /3k+i such that 

n n 

T = a kPk and S = ^ PkQk • 

k =1 k=1 

Proof. Since T and S have finite spectrum, there exists two collections of pairwise 
orthogonal non-zero projections {P' k Yfj =l and {Q' k } l k=1 with J2k Li p k = Yflk=i Qk = 
I% and scalars {a' k }f. L 1? {/3fc}{ =1 C K with a' k > a' k+1 and (3' k > (3' k+] such that 

m l 

T = j2 a 'k p k and S = Y,&Q'k- 

k =1 k =1 
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Suppose r(P[) > r(Q' 1 ). Since 21 has strong comparison of projections, there 
exists a projection Pi G 21 such that r(Pi) = t{Q\ ) and P\ < P[. Letting Q\ = Q[, 
we have 

m l 

T = a\Pi + a\ [P[ - Pi) + ^ oi k P' k and S = (3[Qi + y ^PkQk- 

k=2 k =2 

Similarly, if r(P{) < r(Q , 1 ), there exists a projection Qi G 21 such that t(Q i) = 
r(P{) and Qi < Q[. Letting Pi = P{, we have 

m l 

T = a\ P\ + o:' k P k and S = (3[Qi + f3'i(Q'i — Qi) + PkQk- 

k—2 fc=2 

By repeating this argument at most another to + 1 — 1 times (for the next iteration, 
using P 2 and Q' 2 when t(P{) = t(Q[) and otherwise using P[ — Pi and Q' 2 in the 
first case and P 2 and Q\ — Q 1 in the second case), the result follows. ■ 

The following result enables us to reduce Theorem 14.11 to the case of self-adjoint 
operators with finite spectrum. More is demonstrated than is needed for Theorem 
I4.1l in order to facilitate results in Section [5] 


Lemma 4.3. Let 21 and r be as in Theorem \f.1\ If S,T G 21 are self-adjoint 
operators, then for every e > 0 there exists self-adjoint operators S' ,T' G 21 with 
finite spectrum such that 

\\T — T'\\ < e, and US’ - S'\\ < e. 

Furthermore: 

(1) V -< r T and S' -< T S. 

(2) If S,T> 0, then S', T > 0. 

(3) If S T, then S' -< T T’. 

(4) If S,T> 0 and S T, then S' T'. 

(5) If \ T s (s) < Aj.(s) for all s G [0,1) , then Ag, (s) < Aj,,(s) for all s G [0,1). 

Proof. Let e > 0. Since 21 has real rank zero, there exists self-adjoint operators 
To, So G 21 with finite spectrum such that 


||T-T 0 ||<^ and ||S-So||< £ 


2 " “ 2 
Let {Pk} k= i, {Qk}kr=n { Q; fc}fc=i? and {(3k}k=i be as in the conclusions of Lemma 
l4.2lso that 


To = ^ a.kPk 


and 


So — ^ [ (3 k Q k , 


k= 1 


k =1 


and, for each k G (0,1,... ,n}, let Sk = X^=i T (Pj)- Notice Sk < Sk+i for all k, 
so = 0, s n = 1, and A^ o (s) = ctk and A g (s) = (3k for all s G [sfc_i, Sk) by Example 
O For each k G {1,..., n}, let 


Sk — Sk -1 


A y(s)ds and (3' k = 


and let 


T' = J2^kPk 

k =1 


Sk ~ Sk -1 


s'= Y J P'kQk- 

k =1 


A T s (s)ds, 


and 
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We claim T' and S' are the desired self-adjoint operators. Indeed Example 12.131 
implies T' -< T T and S' -< T S. Furthermore, if S, T > 0, then A g(s) and AJ(s) are 
non-negative functions by part © of Theorem 12.101 Consequently a' k ,/3 k > 0 for 
all k, so S', T’ > 0. 

To see that ||T — T'\\ < e, it suffices to show that ||T 0 — T'\\ < For each k, 
notice 

1 f Sk 

\a k -a' k \< - / \a k ~ A^(s)| ds 

Sk - s k -i J sk _ x 

1 r^k 

=- / |Ay 0 (s) — A^(s)| ds 

s k - s k - 1 J Sk _ x 

< - f H To “ T H ds = H To - T H < | 

s k - Sk- 1 J Sk _ 1 2 

by part © of Theorem l2.10l As this holds for all k, we obtain ||To — T'|| < |. The 
same arguments show US' — S'|| < e. 

Suppose S -< T T. Notice, by part © of Theorem 12.101 that a! k > a' k+1 and 
j3 k > f3 k+ i for all k. Consequently Ajv(s) = a k and Xg,(s) = /3 k for all s £ [sfc_i, s k ) 
by Example 12.71 This along with the definition of a' k and (3 k implies 

P$k fSk P$k P$k 

/ A j*'{s)ds= / A y(s)ds and / A g,(s)ds = / A g(s)ds 

J Sk -1 J Sk -1 J Sk — 1 J Sk — 1 


for all k. In particular, by adding integrals, we obtain 

f A T>(s)ds= ( A t(s)cIs= f Xg(s)ds = f Ag,(s)ds. 

Jo Jo Jo Jo 

For an arbitrary t £ [0,1], choose k £ {1,..., n} such that t £ [sfc_i, s*] and notice 
f A£v(s) — Ag/(s) ds = f Ay(s) — Ag(s) ds + [ X^,(s) — Xg,(s) ds. 

J 0 J 0 J Sk —i 


To see the left-hand-side is always non-negative, we note that A(s) — X T S , (s) is 
constant on [sfc_i,Sfc). If AJv(s) — A<j/(s) > 0 on [sfc_i,Sfc), then 

f XTp, (s) — Ag/(s) ds > f X^(s) — Ag(s) ds > 0. 

Jo Jo 

Otherwise Ajv(s) — A g,(s) < 0 on [sfc_i,Sfe) so 

nt /‘Sk — l P$k 

/ AJv(s) — Xg,(s) ds > / AJ(s) — A g(s)ds+ / X^,(s) — Xg,(s) ds 

J 0 Jo J Sk i 

pSk—l P$k 

= / Xt(s) — Xg(s) ds + / Ay(s) — A<j(s) ds > 0 

JO J Sk—i 


Hence S' -< T T' when S -< T T. 

If S, T > 0 and S T, then the proof that S' A™ T' follows from the above 
proof (ignoring the part that shows f Q Xg,(s ) ds = AJ-, (s) ds). 

If A g(s) < Xj,(s) for all s £ [0,1), then /3 k < a k for all k and thus Xg,(s) < A^,(s) 
for all s £ [0,1) by Example 12.71 ■ 


The following result for elements of A4 2 (C) is referred to as a pinching. 
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Lemma 4.4. Let 21 and t be as in Theorem \f. 1\ If P £ 21 is a projection, a, b G R, 
and T = aP + b(I% — P), then for all t G [0,1] , 

tr+(l-t)r(T)J a = (at + T(T)(l — t))P+(bt + T(T)(l — t))(I<n — P) G conv(W(T)). 

Proof. Fix t G [0,1] and let 

a' = at + t(T)(1 — t) and b' = bt + r(T)(l — t). 

Since t(T) = ar(P) + &T(7a — P) G conv({a, 6 }), we obtain that a', b' G conv({a, b}). 

By interchanging P and la — P, we may assume that r(P) < Since 21 has 
strong comparison of projections, there exists a projection Q G 21 such that Q ~ P 
and Q < 1% — P. Consequently, using the partial isometry implementing the 
equivalence of P and Q, a copy of may be constructed in (P + <5)2l(P + Q) 

so that P and Q are the two diagonal rank one projections. Hence T can be viewed 
as the operator 

T = (aP + bQ) © 6 (J a - P - Q) G M 2 (C) © (/ a - P - Q) 21(7* - P - Q) C 21. 

Choose 6" G 1 so that 6" + a' = a + b. Notice b" G conv({a, b}) as a' G 
conv({a, 6}). Using Example 12.161 we see that 

diag(a',6") diag(a, b) 

where ^Tr is the normalized trace on M. 2 (C) (which agrees with tp + q). Thus 
Theorem 12.181 along with a direct sum argument implies that 

a'P + b"Q + 6(70! - P - Q) G conv(W(T)). 

By applying Theorem 13. Ill to b"Q + b(Iy — P — Q) in (7a — P)2l(7a — P) and 
by applying a direct sum argument, we obtain that 

a'P + b'" (7 a - P) G cohv(7/(T)) 

for some 6 "' G R. As every element of con v(U(T)) has trace r(T), one can verify 
that b'" = b'. u 

The following result contains the main technical details necessary for a recursive 
argument in the proof of Theorem 14.11 In particular, it will enable us to systemat¬ 
ically apply pinchings. 

Lemma 4.5. Let 21 and t be as in Theorem Suppose {Pk}k-i is a collection 
of pairwise orthogonal projections with 1 Pk = 1 a, { a fc}fc=u {/3fc}fc = i C R with 
Pk > Pk+i for all k, and 

n n 

T = ^2a k Pk and S = y ^J3 k Pk- 

k=1 k =1 

Suppose further that S -< T T and there exists a j such that ak > /3i /or all k < j, 
ctj < pi, and ak > «fc+i for all k > j. Then there exists {a' k }^ =1 C R such that 
a'i = Pi, a' k = a k > /3i /or all 1 < k < j, a k > a' k+1 for all k > j, and 

n 

T' = J2 a 'k p k G C05v(W(T)). 
fc=l 

Furthermore, if Q = ft? then QSQ -< TQ QT'Q in Q%IQ. 
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Proof. Note j > 2 by Example 12.71 along with the fact that S -< T T. In addition, 
note a\ > ctj. 

Consider 


To — aiPi + oijPj G (Pi + Pj)Ql(Pi + Pj). 

If fa G [rp 1+ p 3 -(T 0 ),ai], write /3 X = ta 1 + (1 - t)T Pl+Pj (T 0 ) with t G [0,1] and let 

a[ = fa, a'j = tatj + (1 - t)r Pl+Pj (T 0 ), and a' k = a k for all k ± 1 ,j. 

Otherwise, if fa £ [T Pl+Pj (T 0 ),a i], let 

a[ = a'j = r Pl+Pj (T 0 ), and a' k = a k for all k^l,j. 

Notice, in this later case, that a( = a'j > fa. Furthermore, in both cases, 

al'KPi) + a'jT(Pj) = air(Pi) + a 0 T(Pj). 

If T' = YJk-i a 'kPk, then by applying Lemma 14.41 to T 0 G (Pi + Pj)2t(Pi + Pj) 
and by appealing to a direct sum argument, we obtain T' G conv(W(T)). 

We claim that S -< T T'. For each k G {0,1,..., n}, let s k = ]Pj=i T (Pj)- Notice 
Sfc < Sfc+i for all fc, so = 0, s„ = 1, and A p (s) = a k and A g(s) = fa for all 
s G [sfc_i,Sfc) by Example 12.71 Notice, in both of the above cases, that a' k > fa for 
all k < j and a' k > a' k+l for all k > j (as o' > aj ). Therefore, Definition 12.141 and 
Example 12.71 imply that A P ,(s) = a' k = A p (s) for all s G [sfc_i, s k ) with k > j, 


/ A T T ,( s )ds = ^2,a' k T(P k ) = ^2,a k T(P k ) = / A T T (s)ds, 

"'° fc=1 k= 1 

and A P ,(s) > fa for all s < Sj-\. Consequently, if t G [0, Sj_i], we see that 

f \ P ,(s) — Xg(s) ds > j fa — fa ds = 0. 

Jo Jo 

For t G [.Sj— i, Sj), we will need to divide the proof into two cases. First, if 
a'j > fa, then a' k > fa for all k < j. Consequently Ap, (s) > fa on [0, Sj) so 


~3 ~ ^3 5 
c* 


\ P ,(s) — Xg(s) ds = / \ P ,(s) — Xg(s) ds + / Ap/(s) — fa ds > 0 + 0. 


•^0 ^0 J Sj —i 

Otherwise suppose a' < fa. Notice a' k < a'j < fa < fa < a( for all k > j and l < j. 
Thus 


j -1 

A T'(s)ds = ^2a' k T(P k ) 
k= 1 
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and Ajv(s) = a' for all s G [sj_i, Sj). Consequently 


i -1 


/ X^,(s)-X T s {s)ds = ^2{a' k -p k )T(P k )+ a'j-Pjds 
Jo fe = i J s j-l 

> ^2( a 'k - Pk)r{Pk) + f a'j- 0j ds 

fe=1 ' s i -1 

= ^>' fe -/? fe )r(P fc ) 

k =1 

= _ Pk)r{Pk) = [ Aj.(s) - A£(s) ds > 0. 


fc=i 


Finally, if t > Sj, then 


Ajv(s) — X T s (s) ds = f XJp, (s) — Ag(s) ds + f X^,(s) — X^(s) ds 


X7p{s) — Xg(s) ds + / AJ(s) — Ag(s) ds > 0 


with equality when t = 1. Thus the proof that S' -< T T' is complete. 

Postponing the discussion of the oq ^ /3i case, we demonstrate that if <4 = /3i 
then QSQ -< TQ QT'Q in Q21Q. For each k G {l,...,n}, let s k = ^*L 2 t q(Pj)- 
Notice 4 < s' fc+1 for all k, s[ = 0, s' n = 1, and A qsq(s) = fi k for all s € [4-i> s fe) 
by Example 12.71 In the case a! x = /3i, we note that a' < Pi < a[ for all l < j, and 
a' k > a ' k +i for all k > j. Consequently, A qt'q( s ) > Pi for all s < s'_u ( s ) = a 'k 
for all s G [4_i, 4) with k > j, and 


^QT'Q (^) ds — a k TQ(P k ). 
fc=2 

Moreover, one can verify that 

A «° ■« (4 w 1 ) = A -<*> “ d A S« (~r w -) = 

for all s > Sj. 

If t < s'j_ r, then 



[ ^qt'q( s ) ^qsq( s ) ds > J Pi /?2 ds > 0. 


o 


o 
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If t G [s'-_!, s'-], we see that 

[ X qt'q ( s ) — a qsq( s ) ds 
J 0 

= [ X QT'q( S ) - x qsq( s ) ds + f X QT'q( S ) ~ x qsq( s ) ds 
Jo Js 

= 7 (^ 3 ) J2( a 'k - fa) T ( p k) + f si a'j-Pjds 


k—2 
3~ 1 


* 3 -1 
•£ 


1 

t(Q) jo 


j- 1 ft 

^2(a' k - Pk)T(Pk) + aj- ds 

k—1 J s 'j-1 

f XJp, (s) — Ag(s) ds + f ocj — Pj ds. 

Jo Js '_i 


In particular, for t = .s', we see that 

J o a qt'q( s ) - A QSQ( s ) ds = A T'(s) - X T s(s)ds + J^ a'j-pjdi 


— 7(oy J a t' ( s ) — A s( s ) + ( a j — /3j) 


r(Q) 

1 


t(Q) 


AJ/ (s) - A£(s)ds. 


If > Pj, then 

J o a qt'q( s ) - A QSQ( s ) ds > J o A T'(s) - A s( s ) ds > 0 

for all i € [s'-_i, s'-]. Otherwise a' < Pj and 

[ X QT'q( s ) ~ X qsq( s ) ds > ( X qt'q( s ) ~ X qsq( s ) ds 

Jo Jo 

= HQ)l A T'( S )- A sW^>0. 

Finally, if t > s', 

[ A QT'q ( S ) — x qsq( s ) 

Jo 

= J x qt>q( s ) - x qsq( s ) ds + J r X QT'q( S ) ~ x qsq( s ) d S 

s j 

f X^p,(s) — Xg(s) ds 

Jo 


t{Q) 


+ 


1 


r(Q)t+r(Pi) 


t (Q) J Sj 

i /' s ' 3 i r 

I X T' ( s ) ~ Xg(s) ds + J 


,r Q ^S-T(Pi)\ xTQ (s-t{P{) 

QT ’ Q \ t(Q) J t(Q) 


ds 


■(Q)t+->-(Pi) 


a t ( ( s ) — A s( s ) (is > 0 
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with equality to zero when t = 1. Hence QSQ -< TQ QT'Q in QHQ. 

To complete the proof, we notice the proof is complete when fii £ [rp 1 +Pj(T 0 ),a i] 
(i.e. the o! x = fi i case). Otherwise, repeat the above proof with j replaced with 
j + 1 and T replaced with T'. Note we end up obtaining that a' > a'- +1 under 
this recursion as the first iteration yields aq = a) and the second iteration would 
average oq with a' +1 < aj < a' to yield a' k with a" = a'- > a" +1 . This process 
must eventually obtain oq = fii by reaching the case that fii £ [rp 1+ p j (To), aq] for 
if we must apply the proof with j = n and we produce a self-adjoint operator T' 
with S -< T T ', a\ > fii, and a' k > fii > fii for all k and l, we have a contradiction 
to the fact that S -< T T' (which guarantees t(S) = t{T')). Furthermore, note we 
obtain QSQ -< TQ QT'T at the last step of this iterative process. ■ 

Proof of Theorem \4-l\ Let T £ 21 be self-adjoint. Note the inclusion 
conv(M(T)) C {S £ 21 | S* =S,S -< T T} 
follows by Lemma \2 . 201 

To prove the other inclusion, let S £ 21 be self-adjoint with S -< T T. By Lemma 
m we may assume without loss of generality that S and T have finite spectrum. 

Let {Pk}k=v {Qfc}fc=i> ( a fc}fc =d an d {/?fe}fc=i de as in Lemma IT21 so that 

n n 

T = ^2 a kQk and S = ^ /3 k Pk- 

k=1 k =1 

Since 21 has strong comparison of projections, there exists a unitary U £ 21 such 
that U*QkU = Pk for all k. Hence U*TU = Ylk= i a kP k - Since A[ r , TC/ (s) = A^(s) 
for all s £ [0,1), S -< T U*TU. Consequently, Example 12.71 and Definition 12.141 
implies oq > fii > /3 n > a n . 

If ai = a n , then T = S = t(T)I% and there is nothing to prove. Otherwise, we 
may apply Lemma l4~5l to obtain, for some {aj c }fe =2 — that 

n 

T' = fi\P\ + a 'k p k € mm{U{U*TU)) and QSQ < TQ QT'Q in Q21Q, 

k—2 

where Q = Y^k =2 P k- In addition, note Lemma POl produces {u' k }k = 2 so that QSQ 
and QT'Q in Q$iQ are either equal or satisfy the hypotheses of Lemma 14.51 that 
is, QSQ -< TQ QT'Q, a' k+l < a' k for all k > j, a' k = a k > Pi > 02 for all 1 < k < j, 
and, if j = 2, a' 2 > P 2 > fin > ot' n by Definition 12.141 and Example 12.71 Therefore, 
by applying Lemma 14.51 at most another n — 1 times, we obtain that 

S £ con v(U(U*TU)) = conv(W(T)). ■ 

5. Classification of Additional Sets 

In this section, we will study additional sets based on eigenvalue and singular 
value functions in C*-algebras satisfying the hypotheses of Theorem l4.ll We begin 
by studying the distance between unitary orbits of self-adjoint operators. The 
following result is the main result of ESi. We provide a different (but very similar) 
proof using the technology of this paper. 

Theorem 5.1 (see [6(1] 1. Let 21 be a united C*-algebra with real rank zero that has 
strong comparison of projections with respect to a faithful tracial state r. If S,T £ 21 
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are self-adjoint, then 

dist(U(S),U(T)) = sup{|AJ(s) — A^(s)| | s£ [0,1)}. 

In particular, S and T are approximately unitarily equivalent if and only if X'g(s) = 
Aj.(s) for all s G [0,1) if and only if S -< T T and T -< T S. 

Proof. By parts (171 ITOl) of Theorem 12.101 we have 

|A5(s) - X T As)\ = \XJj.su(s) - Ay. Ty (s)| < \\U*SU - V*TV\\ 
for all unitaries U, V G 21 and s € [0,1). Hence 

snp{\X T s {s) - X t t (s)\ | s G [0,1)} < dist(W(5),W(T)). 

For the other inclusion, fix e > 0. Since 21 has real rank zero, there exists 
self-adjoint operators S',T' G 21 with finite spectrum such that 

||S-S'||<e and ||T - T'|| < e. 

Note 

|Ay(s) — AJ./(s)| < e and |Ag(s) — AJ/(s)| < e 
for all s G [0,1) by part 0 of Theorem 12.101 

Let {Pk}k= i, {Qfc}fc=i, {a*}£ =1 , and {/3fc}£ =1 be as in Lemma[4”2]so that 

n n 

T' = ^ a fc Pfc and S' = ^ PkQk- 

k =1 fe=l 

If Sfc = T (Qj) f° r fe € {0,1,... ,n}, Example 12.71 implies Ajv(s) = Ofc and 
Ag,(s) = for all s G [sfc_i,Sfc). Furthermore, since r(Pfc) = r(Q k ) for all k and 
since 21 has strong comparison of projections, there exists a unitary U G 21 such 
that U*P k U = Qk for all k and, consequently, U*T'U = J2k=i a kQk- Hence 

\\U*TU - Sj| < 2e + || U*T'U - S"|| 

= 2e + sup{|a fc - /3 fe | | k G {1,..., n}} 

= 2e + sup{|Ay,(s) — Ag,(s)| | s G [0,1)} 

< 4e + sup{|AJ(s) — Ag(s)| | sG [0,1)}. 

As e > 0 was arbitrary, the proof is complete. ■ 

The following result is an adaptation of [32] Theorem 2.4]. 


Theorem 5.2. Let 21 be a unital C*-algebra with real rank zero that has strong 
comparison of projections with respect to a faithful tracial state r. If S, T G 21 are 
self-adjoint, then 

discs',conv(W(T))) = sup -max/ f Ag(s) — A^(s) ds, f A^(s) — Ag(s) ds\. 

te(o,i) t [Jo Ji-t J 


Proof. Let a be the quantity on the right-hand side of the desired equation. Sup¬ 
pose T' G conv(W(T)). Then T' -< T T by Lemma 12.201 Consequently, by part 0 
of Theorem 12.101 and by Definition 12.141 

||T' — jS|| > - / A5(s) — A T,{s)ds > - f Xg(s) — X^(s)ds and 
l Jo l Jo 


r'-5n > 


A t'(s) — A g(s) ds > 


X^(s) — Xg(s) ds. 


i-t 


l-t 









24 


PAUL SKOUFRANIS 


Therefore d.ist(*S r , conv(ZY(T))) > a. 

For the other inequality, first suppose a < 0. Then 

[ >%(*) — AJ(s) ds < 0 and f AJ(s) — Xg(s) ds < 0 

J o Ji-t 

for all t £ (0,1). The first inequality implies 

f Xg(s)ds< ( X^(s)ds 

Jo Jo 

for all t £ [0,1], and by letting t tend to 1, the second inequality then implies 

f Xg(s)ds= f Xj’(s)ds. 

Jo Jo 

Consequently, a = 0 and S -< T T. Thus Theorem 14.11 implies S £ conv(W(T)) so 
equality is obtained in this case. 

Otherwise, suppose a > 0. Let e > 0. Since 21 has real rank zero, there exists 
self-adjoint operators S' ,T' £ 21 with finite spectrum such that 

US' — 5"|| < e and ||T-T'||<e. 

In addition, by part J7J) of Theorem 12.101 

|Ag(s) — Ag/(s)| < e and |AJ(s) — A^,(s) < e 

for all s £ [0,1). By the definition of a, we obtain 

f Xg, (s) — a — 2e ds < f X^(s) — a — eds < f X^ r (s) — eds< f X^,(s)ds 
Jo Jo Jo Jo 

[ Xg, (s) + a + 2e ds > f X^g(s) + a + eds > f A^(s) + eds> f X^,(s)ds 
Jt Jo Jo Jo 

for all t £ (0,1). Consequently, using non-increasing rearrangements and [321 Propo¬ 
sition 1.4(1)] applied to /i(s) = A g,(s) — a — 2e, / 2 (s) = A g,(s) + a + 2e, and 
g(s) = X ji, (s), there exists a real-valued, non-increasing function h £ Loo[0, 1] such 
that 

fi(s) < h(s) < f 2 (s) (1) 

for all s £ [0,1) and h -< Ayv. 

Let {Pk\k=ii {Qk} k = i> {ak}k= i> and {/?fc}fc= i be as in Lemma 14.21 so that 


r = J2 a k P k 


and 


S' = '52faQk- 


k =1 


k =1 


Furthermore, for k G {0,1,..., n}, let Sk = Ylj=i r (Qk ), let 

/ 1 f Sk 

a k = - / h(s) ds , 

$k Sk— 1 J sk-i 

and let To = Sfc=i o4-Pfc- Notice a' k > a' k+1 for all k as h is non-increasing. Since 
h -< Ay,, Examples 12.71 and 12.131 imply that To ~< T T. Hence Theorem 14.11 implies 
To £ conv(W(T')). 

Since 21 has strong comparison of projections, there exists a unitary U £ 21 such 
that U*P k U = Qk for all k. Therefore U*T 0 U = X)fc=i a ' k Qk ■ However, due to the 
definition of a' k , equation m, and Example 12.71 we see that 

\\U*T 0 U-S'\\ <a + 2e. 
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Therefore, since U*TqU £ con v(U(T')), \\T — T' || < e, and US' — S'|| < e, we obtain 
that 

dist(S, conv (ZI(T))) < a + 4e 

thereby completing the proof. ■ 

Since tracial states are norm continuous, Theorem 15.21 immediately implies the 
following. 

Corollary 5.3. Let 21 be a unital C*-algebra with real rank zero that has strong 
comparison of projections with respect to a faithful tracial state r. If S,T £ 21 are 
self-adjoint, then 

dist(conv(W(S)), conv(W(T))) = |t(S) — t(T)|. 

Using the technology of Section [2j we are also able to study arbitrary operators 
based on their singular value functions. The following object will play the role of 
the singular value decomposition of matrices for infinite dimensional C*-algebras. 

Definition 5.4. For a unital C*-algebra 21 and an element T 6 21, the closed 
two-sided unitary orbit of T is 

Af(T) = {UTV | U, V unitaries in 21}. 

Our goal is to classify closed two-sided unitary orbits using singular values. We 
restrict to C*-algebras with stable rank one as the following well-known lemma 
directly implies every operator almost has a polar decomposition. 

Lemma 5.5. Let 21 be a unital C* -algebra and let M,e > 0. There exists a 0 < 
<5 < e such that if A, B £ 21, ||A|| < M, and ||.A — B\\ < <5, then |||.A| — |B||| < e. 

Corollary 5.6. Let 21 be a unital C*-algebra with stable rank one and let T £ 21. 
Then for all e > 0 there exists a unitary U £ 21 such that ||T — t/|Tj|| < e. 

Proof. Use Lemma [5.51 along with the fact that invertible elements in unital C*- 
algebras have polar decompositions. ■ 

Lemma 5.7. Let 21 be a unital C*-algebra with a faithful tracial state r. If 
(T n ) n > i C 21 converges in norm to T £ 21, then p^(s) — limn^oo fxTp ( s ) for all 
s e [0,1). 

Proof. Recall p.g(s) = AU, (s) for all S £ 21. Since T = lim„_> 00 T' n , we obtain 
|T| = linpj^oo \T n \ by Lemma [575] The result then follows by part (0) of Theorem 

cnni ■ 

The following is a generalization of HT| . Theorem 2.11] to C*-algebras. 

Proposition 5.8. Let 21 be a unital CA-algebra with real rank zero , stable rank one, 
and strong comparison of projections with respect to a faithful tracial state r. If 
S,T £ 21, then S £ Af(T) if and only if pig (s) = /Xj-(s) for all s £ [0,1). 

Proof. If U, V G 21 are unitaries, then 

Tutv = A|}/tv|( s ) = Ay«| T |y(s) = A|" T |(s) = Pt( s ) 

for all s £ [0,1) by part (flUl) of Theorem 12.101 Consequently, if S £ Af(T), then 
p, g(s) = p j.(s) for all s £ [0,1) by Lemma IfTTl 
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For the converse direction, suppose fig(s) = ^r( s ) f° r all s e [0) 1) and let e > 0. 
By Corollary 15.61 there exists unitaries U, V G 21 such that 

\\T-U\T\\\<e and ||S - V\S\\\ < e. 

Furthermore, since 

Af T |0) = »t(s) = Hs(s) = A| r S |(s) 

for all s G [0,1), Theorem 15.11 implies there exists a unitary W G 21 such that 
||1F*|T|1F — |S||| < e. Hence 

\\VW*U*TW - S\\ < 2e + \\VW*\T'\W - V\S'\\\ < 3e. 

Since e > 0 was arbitrary, the proof is complete. ■ 

Our next results provide descriptions of all operators whose eigenvalue (singular 
value) function is dominated by another operators eigenvalue (singular value) func¬ 
tion. In particular, these notions of majorization are related to Cuntz equivalence, 
but are significantly stronger (i.e. requiring bounded sequences for approximations). 
The following result is a generalization of m Theorems 3.1]. 

Proposition 5.9. Let 21 be a unital C*-algebra with real rank zero that has strong 
comparison of projections with respect to a faithful tracial state r. If S, T G 21 are 
positive operators, then 


Sg{A*TA | Ag21, ||A|| <1} 
if and only if Xg(s) < AJ(s) for all s G [0,1). 

Proof. If A G 21 is such that ||A|| < 1, then 

^a*ta( s ) < 1011 ^t( s ) < ^t( s ) 

for all s G [0,1) by part (0 of Theorem 12.101 Consequently, one direction follows 
from part 0 of Theorem 12.101 

For the other direction, suppose A $(s) < A^(s) for all s G [0,1). Let e > 0. By 
Lemma Pi .31 there exists positive operators S' ,T' G 21 with finite spectra such that 
||T — T'|| < e, US'-SI < e, and \ T s ,(s) < \ t t ,{s) for all s G [0,1). Let {P fc }£ =1 , 
{Qk}k= i) i a k}k= i, an d {/3fc}fc = i be as in Lemma, 14.21 so that 


T' = J2 a k P k 


and 


s' = J2^Qk- 


k =1 


fe=1 


Since T',S' > 0, a k ,/3k > 0 for all k. Furthermore, Example 12.71 along with the 
fact that Ag,(s) < AJ.,(s) for all s G [0,1) implies j3 k < oi k for all k. 

Since 21 has strong comparison of projections, there exists a unitary U G 21 such 
that U*P k U = Qk for all k so that U*T'U = Y^k-\ a kQk- For each k , let 


7 k = 


if p k ± 0 
v o if /3 fc = 0 

Consequently, if A = J2k= l 7 kQk G 21, then ||A|| < 1 and A*U*T'UA = S'. Hence 
\\A*U*TUA - S|| < 2e + \\A*U*T'UA - S'|| = 2e. 

As e > 0, the result follows. ■ 
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Proposition 5.10. Let 21 be a unital CL-algebra with real rank zero, stable rank 
one, and strong comparison of projections with respect to a faithful tracial state r. 
If S,T £<&, then 

S £ {ATB | A,B £%\\A\\,\\B\\<1} 
if and only if p T s (s) < Pt{s) for all s £ [0,1). 

Proof. If A, B £ 21 are such that || A||, ||f?|| < 1, then 

Latb( s ) < ll^ll ll^llprO) < Mt( s ) 

for all s £ [0,1) by part (0 of Theorem 12.111 Consequently, one direction follows 
from Lemma 15.71 

For the other direction, suppose /J,g(s) < Lt( s ) f° r all s G [0,1). Consequently 
A7 S ,| (s) < A|" T |(s) for all s £ [0,1). Thus Proposition 15.91 implies for all e > 0 
there exists an A £ 21 with ||A|| < 1 such that |||Sj — A*|T|Al|| < e. Furthermore, 
Corollary 15.61 implies there exists unitaries U, V £ 21 such that \\S — V’|S , ||| < e and 
\\T — 17|T||| < e. Thus 

US' - VA*U*TA\\ < ||S - VA*\T\A\\ + e < ||S - F|S||| + 2e < 3e. 

The result follows. ■ 

To complete this section, we desire to analyze the notion of (absolute) subma- 
jorization as defined in Definition 12.221 In particular, we desire an analogue of 
m Theorem 2.5(2)] for C*-algebras. The following useful lemma shows if one pos¬ 
itive operator submajorizes an operator, then conjugating by a specific contractive 
operator almost yields majorization. 

Lemma 5.11. Let 21 be a unital C*-algebra with real rank zero and strong compar¬ 
ison of projections with respect to a faithful tracial state r. If S,T £ 21 are positive 
operators such that S T, then for all e > 0 there exists positive operators 
S',T' £ 21 and an A £'LL with ||Al|| < 1 such that 

||S-S'||<e, HT-T'll <e, and S' -< T A*T’A. 

Proof. Fix e > 0. By Lemma Pi. 3 1 there exists positive operators S',T' £ 2t with 
finite spectra such that 

\\S — S'|| < e, ||T-T'||<e, and S'T'. 

Let {Pfc}fe = i, {Qk}k =D { a fc}fc=ii an d {/3fc}fc=i be as in Lemma l4~2l so that 

n n 

T' = y, a k Pk and S' = ^ f3 k Qk- 

fe=l fe=l 

For each k £ {0,1,..., n}, let s k = T (Pk)- 
Consider the function / : [0,1] —?> K defined by 

Ay/(s)ds— f A g,(s)ds. 

Jo 

Since / is continuous, /(0) < 0, and /(1) > 0, there exists a, to £ [0,1] such that 
/(to) = 0. Let t' = sup{f £ [0,1] | /(t) = 0} and choose k' £ {1,..., n} such that 
t' £ [sfc'_i, s^) (with k! = n if t' = 1). Notice this implies 
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Choose q G [0,1] such that 

r 1 r s k’-i r s k> 

/ AJ,(s)ds = / Ay, (s)ds + g / Ay, (s)ds 

J 0 «/0 */s fe /_ i 

and let H = gJV + P&. Clearly ||A|| < 1 and 

fc'-i 

A*T'A = qak'Pk' + ^2 a kPk- 

fc=l 

We claim that S" -<; r A*T'A. By Examplc l2.7i we know AJ, (s) = /3k , Ay, (s) = 
for all s G [sfc_i, Sfc), A a . t , a (s) = ak for all s G [s^-i, Sk) with k < k', A a . t , a (s) = 
qctk for all s G [sfc'_i,Sfc'), and A a „ ta = 0 for all s > s^- Consequently, for all 
t G [0, Sk'~ i), 

/ A a » t , a (s) — A£,(s) ds = f Ay, (s) — Ag/(s) ds > 0. 
do ‘ Jo 

If t G [sk'-i, Sk r ), then 

r 1 r s k’-i 

/ A A «y, A (s) — AIj,(s) ds= Ay,(s) — AS,(s) ds + (t — Sk'-i){qctk' — Pk')- 

Jo Jo 

If qctk' > fik 1 , then 

ft r s k'-i 

/ A a „ t , a (s) — Ag/ (s) ds > / Ay, (s) — Ag,(s) ds > 0. 
do do 

Otherwise qctk’ < Pk‘ and 


[ A a . t , a (s) — AS,(s) ds 
Jo 


r s k'-i 


> 


Ay,(s) - A£,(s) ds + (s fc / - s k ’-i)(qa k ' - fJ k ’) 


r s k'—i r s k f r s k' 

/ Ay,(s) — Xgi(s) ds + g / AJ, (s)ds— / A g,(s)ds 
JO J s k'-i J s k'-i 

j A 5 , (s) ds > 0 

J Sul 


as AS,(s) > 0 for all s as S" > 0. 
Finally, if i > s*,,, then 


/ A a*t'a( s ) — Ag,(s) ds 
do 

r s k'~i r s k’ P 

= / Ay, (s) ds + g / Ay, (s)ds— / Xg,(s)ds 

J 0 “Sk/ — 1 " 0 

= I A 5 , (s)ds— f A^, (s) ds > 0 
do do 

with equality when t = 1 as A£,(s) > 0 for all s as 5' > 0. Hence S" -< T A*T'A. 


CLOSED CONVEX HULLS OF UNITARY ORBITS 


29 


Proposition 5.12. Let 21 be a unital C* -algebra with real rank zero and strong 
comparison of projections with respect to a faithful tracial state r. If S,T £ Hi are 
positive operators, then 


S £ conv {{A*TA \ A £ 21, \\A\\ < 1}) 


if and only if S -<f T. 


Proof. If {A k } k=1 C 21 are such that ||Afc|| < 1 for all k , {t k } k=1 C [0, 1] are such 
that J2k-i tk = 1, and S' = Y^k=\ tkA* k TA k , then S' > 0 and 

ft ft n ft 

/ A g/(s)ds< / V'' t k ||^4fc|| 2 AJ(s) ds < / A lf(s)ds 
Jo Jo , , Jo 


fc=l 


by parts JH El HU) of Theorem 12.101 Thus one inclusion follows from part ® of 

Theorem [2351 

For the other direction, suppose S -<f T. Let e > 0. By Lemma [5.111 there exists 
positive operators S',T' £ 21 and an A £ 21 with ||A|| < 1 such that 


As 


US'-SI < e, ||T-T'||<e, and S' -< T A*T'A. 


S' £ com(U{A*T'A)) 
by Theorem 14.11 the result follows. 


Proposition 5.13. Let 21 be a unital C*-algebra with real rank zero, stable rank 
one, and strong comparison of projections with respect to a faithful tracial state t. 
If S,T £ 21, then 

S £ conv ({ATB \ A, B £ %\\A\\ ,\\B\\ < 1}) 
if and only if S -<™ T. 

Proof. If {A k } k=1 , {Bk} k -i C 21 are such that ||A fc ||, ||Bfc|| < 1 for all k, {t k } k=1 C 
[0,1] are such that t k = 1, and S' = Y^k-i t k A k TB k , then 

ft ft n ft 

/ n r S '(s)ds< / y ^tk \\A k \\ \\B k \\/j^(s) ds < / 

Jo Jo k=1 Jo 

by parts ([U U El) of Theorem 12.101 Thus one inclusion follows from Lemma 15.71 
For the other direction, suppose S T. Thus |S| |T| so Proposition 15. 121 

implies 

|S| £ conv ({A*\T\A \ A £ 21, ||A|| < 1}). 

The result then follows by approximation arguments along with Lemma 15.51 ■ 


6. Purely Infinite C*-Algebras 

In this section, we will prove the following result describing the closed convex 
hulls of unitary orbits of self-adjoint operators T in unital, simple, purely infinite 
C*-algebras based on the spectrum of T, denoted cr(T). 

Theorem 6.1. Let 21 be a unital, simple, purely infinite C*-algebra and let T £ 21 
be self-adjoint. Then 

conv(W(T)) = {S € 21 | S* = S,ct(S) C conv(CT(T))}. 
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Remark 6.2. Before proceeding, we briefly outline the approach to the proof, 
beginning with the following simplifications. Note the inclusion 

conv(W(T)) C {S G 21 | S* = S, a(S) C conv(<r(T))} 

follows from the facts that elements of con v(U(T)) are self-adjoint when T is self- 
adjoint, and, if al% <T< /3/a, then al% < S < /3/a for all S G conv(W(T)). 

Since unital, simple, purely infinite C*-algebras have real rank zero by [64j . to 
verify the reverse inclusion it suffices to consider self-adjoint S', T G 21 with finite 
spectrum and cr(S) C conv(cr(T)) by the continuous functional calculus. Further¬ 
more, note this problem is invariant under simultaneous multiplying the operators 
by non-zero real numbers and simultaneous translation of the operators by a real 
constant. As such, it suffices to prove the result for positive T with ||T|| = 1 and 
0,1 G a(T). 

We will demonstrate it suffices to prove the result when T is a projection. As 
in Section U this will be done by constructing (possibly non-unital) embeddings of 
arbitrarily larger matrix algebras into 21 and using Theorem l2.18l Subsequently, we 
will verify that the result holds for T a projection and S G C/a, again appealing 
to Theorem 12.181 The result will follow for arbitrary S with finite spectrum by an 
application of K-Tlreory. 

We begin with the following well-known result for purely infinite C*-algebras. 

Lemma 6.3. Let 21 be a unital, simple, purely infinite C* -algebra and let P, Q G 21 
be orthogonal non-zero projection. For any n G N there exists a collection {Pfc}j) =1 
of pairwise orthogonal subprojections of P such that each P% is Murray-von Neu¬ 
mann equivalent to Q. 

By ‘a non-trivial projection’, we mean a non-zero projection P with P ^ I<&. 

Lemma 6.4. Let 21 be a unital, simple, purely infinite C*-algebra and let P G 21 be a 
non-trivial projection. If a, ft G R. andT = aP+f3{I%—P), thenalu G con v(U(T)). 

Proof. Clearly the result holds if a = /3 so suppose a ^ /3. Using Remark [6721 by 
scaling and translating, we may assume that a = 1 and /3 = 0. 

Let n G N be arbitrary. By Lemma 16.31 there exists a collection {Pfc})J =1 of 
pairwise orthogonal subprojections of P such that Pfc ~ /^ — P for all k. Using 
the partial isometries implementing the equivalence of { I— P} U {Pfc}£ =1 , a copy 
of Af„+i(C) may be constructed in 21 such that the unit of Af„+i(C) is P' n := 
/a — P + X^ =1 Pfc and T may be viewed as the operator 

T = diag(0,1,..., 1) © - P' n ) G M n+l {C) © (/« - P' n ) 2l(/ a - P' n ) C 21. 

Since any self-adjoint matrix majorizes its trace (see Lemma I2.20[) . we obtain by 
Theorem 12.181 that 

Tl 

—— I n +i G conv(Z/(diag(0,1,..., 1))) 
n + 1 

where the unitary orbit is computed in A4 n +i(C). Thus, by a direct sum argument, 
we obtain 

-4t P n + V* - p n ) e conV(W(T)). 
n + 1 


By taking the limit as n —> oo, we obtain /a G conv(//(T)). 
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Lemma 6.5. Let 21 be a united, simple, purely infinite C*-algebra and let {Pk}k—i 
be a collection of pairwise orthogonal, non-zero projections. If T = AfcPfc for 

some real numbers {Afc }£ =1 G R, then 

/n—1 \ 


Ai H Pk + A " P " e conv(W(T)). 


\k =l 


Proof. The result follows by using Lemma 16.41 recursively on compressions of 21 
(which remain unital, simple, purely infinite C*-algebras). ■ 


Lemma 6 . 6 . Let 21 be a unital, simple, purely infinite C*-algebra and let P G 21 
be a non-trivial projection. For each 7 G [0,1] H Q, there exists pairwise orthogonal, 
non-zero projections Qi, Qn, Q 3 such that Qi + Q 2 + Q 3 = In 1 and 

OQi + 7 Q 2 + 1Q 3 £ con v(U(P)). 


Proof. Note the cases 7 = 0,1 are trivial. Otherwise, fix n G N and choose 
k G {1,... ,n — 1} so that 7 = —. Let Q G 21 be any non-trivial projection. By 
Lemma [717711 there exists a collection of pairwise orthogonal subprojections 

of P such that Pj ~ Q for all j. Similarly there exists a collection {Pj}"Ip + 1 of 
pairwise orthogonal subprojections of /<ji — P such that P' ~ Q for all j. 

Let 

n—k k n—k k 

Qi = (Im-P)-J 2 P F Q2 = E P 1 + E P P and Q 3 = P-^Pp 

j =1 3 = 1 i =1 i=i 

Since Pfc+i < Q 3 and P n -k+ 1 < Qi, it is clear that Q 1 , Q 2 j and Q 3 are pairwise 
orthogonal, non-zero projections such that Qi + Q 2 + Q 3 = /&. Using the partial 
isometries implementing the equivalence of {Pj}^ = i U {P J , }"P 1 fe , a copy of A4„(C) 
can be constructed in 21 such that the unit of A4 n (C) is Q 2 and 

P = OQi ® D ® 1Q 3 G Qi2lQi © M n (Q 0 Q 3 21Q 3 C 21 

where D is a diagonal matrix with 1 appearing along the diagonal exactly k times 
and 0 appearing along the diagonal exactly n — k times. Since any self-adjoint 
matrix majorizes its trace (see Lemma 12.201) . we obtain by Theorem 12.181 and a 
direct sum argument that 

OQi + 7 Q 2 + IQ 3 £ conv(W(P)). ■ 


Lemma 6.7. Let Qi be a unital, simple, purely infinite C*-algebra and let P G 21 
be a non-trivial projection. For each 7 G [0,1], 7/21 G conv(W(P)). 

Proof. By applying approximations, it suffices to prove the result for 7 G (0, l)nQ. 
By Lemma [6.61 there exists pairwise orthogonal, non-zero projections Qi,Q 2 ,Q 3 
such that Qi + Q2 + Q3 = I% and 

OQi + 7 Q 2 + IQ 3 £ conv(W(P)). 

Choose two non-zero subprojections Q[ and Q 3 of Q 2 such that Q[ + Q' 3 = Q 2 - 
By applying Lemma 16.41 to OQi + jQ'i £ ( Qi + Q'i)Qi(Qi + Q\) , we obtain that 

7(Qi + Qi) £ conv(W(0Qi + yQi)) 

(where the quantity on the right-hand side is computed in (Qi + Qi)2l(Qi + Qi)). 
Similarly 


7 (Q 3 + Q'3) £ conv(ZY(lQ 3 + 7 Q 3 )) 












32 


PAUL SKOUFRANIS 


Hence, by the fact that OQ 1 + 7 Q 2 + IQ 3 is a direct sum of OQi+yQi and 1Q 3 + 7 Q 3 , 
we obtain that 

7% = 7(Qi + Qi) + 7(^3 + Q 3 ) e conv(W(P)). ■ 

Proof of Theorem 16.1\ By Remark 16.21 we may assume cr(5) and cr(T) are finite 
so that there exists {A J }^ =1 , {afc }^ =1 C R with A& < A^+i for all k and a*, G 
conv({Aj}^ 1 ) for all A:, and two collections of pairwise orthogonal non-zero projec¬ 
tions {Pj}jLi and {Qk}k = i with Jf'JLi Pj = 1%. = Qfc such tliat 

m n 

T = ^2, A jPj and <5 = OfcQfe- 

. 7=1 fc=i 

The result is trivial if to = 1 so we assume m > 2. Furthermore, by translation 
and scaling, it suffices to prove the result when Ai = 0 and A m = 1. Furthermore, by 
Lemma [6751 we may assume that to = 2. For simplicity, let P = P m so Pi = 1% — P 
and T = P. 

Since 21 is a unital, simple, purely infinite C*-algebra, there exists a collection 
{-Ffc}/c=i °f non-zero subprojections of P and a collection { P k } 7 jfZ\ of non-zero 
subprojections of La — P such that P k + P' k ~ Qfc, P' n = P — X)fc=i P k non- 
zero, and P" = YlkZi P k non-zero. For each k G {1,. .., n}, let Q' fc = P' k + P k - 
Therefore 

n n n— 1 

= [ J 2 l]o = = + y^[Q fc ]o- 

k=1 k =1 fc=l 

Hence [Q „] 0 = [Q'„]o so ~ QJ, by [H Theorem 1.4], 

Notice 

n 

T = ©Li(i PL + OP") e 0 Q' k %Q' k . 

k =1 

Since P k and Pj! are non-zero for each A: and since QJ.21QJ, is a unital, simple, purely 
infinite C*-algebra, by applying Lemma 16.71 in each Q' k $lQ' k and by taking a direct 
sum, we obtain 

n 

^ afcQfc G conv(^(T)). 
k= 1 

Since a kQj is unitarily equivalent to 5 by the fact that Qfc ~ Q' k for all k, 

we obtain that S G conv(W(T)). ■ 

We note the following adaptation of [32] Theorem 4.2]. 

Corollary 6.8. Let 21 6 e a unital, simple, purely infinite C*-algebra. If S,T G 21 
are self-adjoint, then 

dist(S, conv(W(T))) = sup dist(x, conv(cr(T))). 
x£cr(S) 

Proof. First, suppose T' G con \{U{T)). Let 7 r : 21 —> B(P) be a faithful rep¬ 
resentation of 21 (whose existence is guaranteed by the GNS construction). By 
Ell Problem 171], for every self-adjoint operator A G H(P), 

conv(cr(H)) = {(Arj, rj) \ r) GW, |M| = 1}. 

Let i) G TL be such that || 77 || = 1. Since 

11^' - S || > |( 7 r(T' - S)rj,rf)\ > dist((n(S)r), rj), conv(cr(T))), 
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we obtain that 


dist(5, conv(Z/(T))) > sup dist(x, conv(cr(T))). 
x£a(S) 

For the reverse inclusion, defined a continuous function / : K. —» R so that 
f(x) G conv(cr(T)) for all x and 

\x — f(x) | = dist(x, conv(cr(T))) 

for all x G K. Let T' = f(S). Therefore, by the continuous functional calculus, 
er(T') = f(a(S)) C conv(cr(T)). Hence T' G conv(cr(T)) by Theorem 16.II Since 

US' —T'||= sup ||cc — f{x)\\ = sup dist(x,conv(cr(T))), 

x£cr(S) x£cr(S) 

the reverse inclusion holds. ■ 

To conclude this paper, we note the proof of Theorem 16.11 can be improved to 
normal operators provided /\i( 2 l) is trivial or, more generally by [13] , for normal 
operators N such that A 1%—N is an element of the connected component containing 
Jgi in the set of invertible elements of 21, denoted 2l]j" , for all A ^ &(N). This is 
a generalization of [32], Theorem 4.1] and we only sketch the modifications to the 
proof. 

Theorem 6.9. Let 21 be a unital, simple, purely infinite C*-algebra and let N\, N 2 G 
21 be normal operators with A/a — /Vfc 6 SIq " 1 for all A ^ cr{Nk) and for all k. Then 
N 2 G conv(Zf(7Vi)) if and only if a(N 2 ) C conv(cr(ATi)). 

Proof. Suppose N 2 G conv(W(ATi)). Let (M„)„> 1 C conv(W(ATi)) be such that 
N 2 = lim-n^oc, M n and let 7 r : 21 — B(fH) be a faithful representation of 21. By 
m Problem 171], for every normal operator A G BfiH), 

conv(cr(H)) = {(Arj, 77 ) | rj G U, ||r?|| = 1}. 

Since M n G conv(W(7V!)), we obtain (n(M n )r],r]} G conv(cr(A' r i)) for all 77 G % with 
||? 7 || = 1. Therefore, since ( n(N 2 )r],r]) = lim n ^. 00 (n(M n )r],ij}, we obtain a(N 2 ) C 
conv(cr(lVi)). 

For the converse direction, note by [42] that N± and N 2 can be approximated 
by normal operators with finite spectra. Thus, by an application of the continuous 
functional calculus, it suffices to prove that if <j(N 2 ) and a(N±) are finite and 
t t(N 2 ) C conv(cr(A r i)), then N 2 G conv(Z/(iVi)). Furthermore, by using similar 
direct sum arguments as in the proof of Theorem 16.II it suffices to prove the result 
in the case that N 2 G C/a- 

Note that Lemma IQ holds when a and ft are complex numbers by applying 
rotations and translations. Hence by applying the same ideas as in Lemma 16.51 we 
may reduce to the case that N has exactly three points in its spectrum. 

Suppose a(N\) = {ai,a 2 ,a 3 } and 7 G conv(cr(iVi)). Then there exists a per¬ 
mutation <7 on {1, 2, 3} and f,r G [0,1] such that if 7 ' = ta n m + (1 — t)a K ( 2 ) then 
7 = r"f' + (1 — r )o 7 r ( 3 ). Consequently, by applying rotations, translations, compres¬ 
sions, and Lemma [6771 first with the spectral projections corresponding to and 
a ff ( 2 ), and then again with the result and the spectral projection corresponding to 
a ff ( 3 ), the result is obtained. ■ 
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